chapter 3

3. fourier analysis

3.1 INTRODUCTION

In the previous chapter we have learnt that electrical communication signals consist of time-varying voltage or current waveforms, typically described in the time domain. It is also convenient to describe such signals in the frequency domain since the frequency domain allows for a more intuitive look at the signal than time domain. The time domain usually shows the waveform of the signal whereas the frequency domain shows the spectrum of the signal, thus allowing us to be able to determine bandwidth needed to transmit the signal, and also how the received signal has been affected by the channel. This chapter is about mathematical description of deterministic signals using Fourier techniques, which can be seen as algorithms that provide the link between the time and frequency domain description of signals; that is, they take time-domain signals into frequency domain and back. 
Basically, the theory behind Fourier techniques is that most signals, from simple to complicated, can be created by adding sine and/or cosine waves of various frequencies and amplitudes. For example, a pulse train or a sawtooth waveform can be produced by summing up sine waves, which consist of the fundamental frequency and its harmonics.  

MATLAB script for synthesizing a Pulse train
%Synthesis of a Pulse Train by P Malindi
t = -1:0.05:1; 
fs = 1;
A = 1;
w = 2*pi*fs*t;
f1 = 2*A/(pi)*sin(w);
f2 = 2*A/(3*pi)*sin(3*w);
f3 = 2*A/(5*pi)*sin(5*w);
f4 = 2*A/(7*pi)*sin(7*w);
f5 = 2*A/(9*pi)*sin(9*w);
y = A/2 + f1 + f2 + f3 + f4 + f5; %Summing the sine waves
clf

%Clearing any figures in preparation for plotting
subplot(231), plot(t,f1), title('f1 = 2*A/(pi)*sin(w)'), grid;
subplot(232), plot(t,f2),title('f2 = 2*A/(3*pi)*sin(3*w)'), grid;
subplot(233), plot(t,f3), title('f3 = 2*A/(5*pi)*sin(5*w)'), grid;
subplot(234), plot(t,f4), title('f4 = 2*A/(7*pi)*sin(7*w)'), grid;
subplot(235), plot(t,f5), title('f5 = 2*A/(9*pi)*sin(9*w)'), grid;
subplot(236), plot(t,y), title('Synthesized Pulse train'), grid;
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Figure 3.1 Synthesis of a Pulse train
MATLAB script for synthesizing a Sawtooth waveform
%Synthesis of a Sawtooth Waveform by P Malindi
t = -1:0.05:1; 
fs = 1;
A = 1;
w = 2*pi*fs*t;
f1 = A*sin(w);
f2 = -A/2*sin(2*w);
f3 = A/3*sin(3*w);
f4 = -A/4*sin(4*w);
f5 = A/5*sin(5*w);

y = f1 + f2 + f3 + f4 + f5; %Summing the sine waves

clf

%Clearing any figures in preparation for plotting
subplot(231), plot(t,f1), title('f1 = A*sin(w)'), grid;
subplot(232), plot(t,f2),title('f2 = -A/2*sin(2*w)'), grid;
subplot(233), plot(t,f3), title('f3 = A/3*sin(3*w)'), grid;
subplot(234), plot(t,f4), title('f4 = -A/4*sin(4*w)'), grid;
subplot(235), plot(t,f5), title('f5 = A/5*sin(5*w)'), grid;
subplot(236), plot(t,y), title('Synthesized Sawtooth'), grid;
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Figure 3.2 Synthesis of a Sawtooth waveform

Firstly, we are going to look briefly at Fourier series, by which we are able to represent a periodic signal, then  we will develop the Fourier transform, by which we will be able to represent and analyze aperiodic (or non-periodic) signals. Fourier series or Fourier transform are primary used to obtain the spectrum of a given signal, which describes the frequency content of the signal, thus Fourier techniques enable us to decompose the given signal into its spectral components.

The frequency domain is more revealing than the time domain description of signals. It can be used to illustrate how much of the electromagnetic spectrum (bandwidth) the signal will occupy.
The spectrum is usually drawn as discrete lines on a graph with the heights of the lines representing the amplitude, and the position of the lines on the x-axis representing the frequency of the component; however, it is a common practice to represent only the absolute value or magnitude of each component when plotting a spectrum.
3.2 FOURIER SERIES
According to Jean Baptiste Joseph Fourier, any periodic signal x(t) with a period of T0 can be expressed as a [Fourier] series of, possible infinite, sum of sine and cosine terms, such that
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(3.1a)

Substituting 1/T0 = f0 we get
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(3.1b)

The series expansion of Equation (3.1) is referred to as the Trigonometric Fourier series expansion, where a0 represents dc component or the mean value of the signal


an and bn represents  the amplitude of the sine and cosine terms 


cost and sint are the fundamental terms


cosnt and sinnt, for n > 1, are called harmonic terms 


[image: image6.wmf]
f0  = 1/T0 is the fundamental frequency in Hz

w0 = 2(f0 = 2(/T0 is the fundamental angular (or radian) frequency in rad/s

n/T0 = nf0 represents the nth harmonic of the fundamental frequency

Each of the cosine or sine in equation (3.1) above is called a basis function. These basis functions form an orthogonal set over the interval T0 in that they satisfy the following set of relations:
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(3.2)
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(3.3)
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(3.4)

Fourier showed that the coefficients can be found as follows:





[image: image12.wmf](

)

value

Average

t

x

T

a

T

t

t

 

dt

 

1

0

0

0

=

=

ò

+

 



(3.5)
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(3.6)

where a0 is determined by integrating both sides of equation (3.1) over a complete period, an is determined by multiplying both sides of equation (3.1) by the cosine function cos(2(ntf0) and integrate over the interval t to t+T0, then using equations (3.2) and (3.3).

Similarly, bn is found to be:
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(3.7)

To apply the Fourier series representation of equation (3.1), it is sufficient that the following Dirichlet’s conditions are satisfied inside the interval t to t+T0 by the function x(t).
The conditions are:

· x(t) is single-valued or must be bounded
· x(t) has a finite number of discontinuities 
· x(t) has a finite number of extrema; that is, maxima and minima 
· x(t) is absolutely integrable; that is,
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The sine and the cosine can also be expressed in exponential form as
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(3.8)

and
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(3.9)

Substituting for sine and cosine in equation (3.1) yields
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(3.10)
From equation (3.10), it can be seen that for an exponential form a new set of coefficients are 
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(3.11)
and
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(3.12)

Substituting An and Bn in Equation (3.10) we get
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(3.13)

Where
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(3.14)
and
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(3.15)

Since a0 is a dc term, it can be ignored, thus resulting in Equation (3.13) becoming
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(3.16)

If the range of the coefficients is made to be from minus to plus infinity, then Equation (3.16) will reduce to 
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(3.17)

The series expansion of Equation (3.17) is referred to as the Complex Exponential Fourier series expansion and Cn are called the complex Fourier coefficients. Where the coefficients of the exponential harmonics, Cn, are
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(3.18)

Cn is related to coefficients An and Bn by





[image: image30.wmf]n

n

n

jB

A

C

+

=







(3.19)

Where the magnitude and phase are defined by
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(3.20)

And
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(3.21)
So a plot of 
[image: image33.wmf]n

C

 versus frequency yields the discrete amplitude spectrum of the signal. Similarly, a plot of (n versus frequency yields the discrete phase spectrum of the signal.

For a real-valued periodic function, we find from definition of Fourier coefficient Cn given by Equation (3.18) that
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(3.22)

where Cn* is the complex conjugate of Cn. we therefore have
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and the magnitude (or amplitude) spectrum is an even function of frequency (i.e. symmetric about the vertical axis passing through the origin). Similarly, the phase spectrum is an odd function of frequency (i.e. asymmetric about the vertical axis passing through the origin), because from equation (3.17),
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(3.24)
3.1.1 Even and Odd functions

A function f(t) is said to be even if its graph has perfect symmetry about the y-axis; that is, 
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(3.25)

and the value of bn = 0. The reason for bn to be zero is that sine and cosine are at right angles (or orthogonal) to each other, and when their product is integrated over one cycle the result is zero (see Equation 3.3). Therefore an even function will be 
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(3.26)
Where 
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(3.27)





[image: image40.wmf](

)

(

)

dt

t

nf

t

x

T

a

T

t

n

 

2

cos

2

0

0

0

p

ò

=






(3.28)


[image: image41.wmf](

)

t

x

(

)

t

x

t

t

0

0



Figure 3.3 Examples of Even functions (symmetrical about the y-axis)
A function f(t) is said to be odd if it is symmetric with respect to the origin and satisfies
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(3.29)

and such a function has an = 0. Therefore an odd function will be
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(3.30)

where
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(3.31)
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Figure 3.4 Examples of Odd functions (symmetrical with respect to the origin)
3.1.2 Pulse train spectrum

Assume we have data stream that is represented by a periodic pulse train as shown in Figure 3.5 below

[image: image46.wmf]t

0

-

2T

-

T

T

2T

T

f

1

0

=

A



Figure 3.5 Periodic pulse train
From the given pulse train: 
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From Equation (3.5) we get
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From Equation (3.6) we get



[image: image49.wmf](

)

(

)

(

)

(

)

(

)

(

)

  

sin

2

sin

2

4

  

2

2

.

2

sin

2

2

sin

2

    

      

2

2

sin

2

 

2

cos

2

0

0

0

0

0

0

0

0

0

0

2

2

0

0

0

0

2

2

0

  

τ

πnf

T

nf

A

τ

πnf

T

nf

A

nf

nf

nf

T

A

nf

t

nf

T

A

dt

t

nf

A

T

a

n

t

p

t

p

p

t

p

t

p

p

p

p

t

t

t

t

=

=

-

-

=

=

=

-

-

ò


Similarly, from Equation (3.7) we get 
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Lastly, from Equation (3.18) the complex Fourier coefficients, Cn, will be
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Example 3.1 Derive the trigonometric Fourier series for a square wave shown in Figure 3.6
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Figure 3.6 Symmetrical square wave
Solution:
From the given pulse train: 
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But sin(-() = -sin((); therefore,
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Similarly, from Equation (3.7) we get 
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But cos(-() =+cos((); therefore,
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Therefore, the complete trigonometric Fourier series can be obtained by substituting for a0, an, and bn in Equation (3.1)
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And the spectrum will be
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Figure 3.7 Frequency spectrum of a symmetrical square wave
Example 3.2 Derive the complex Fourier series expansion for a square wave shown in Figure 3.6
Solution:

From the given pulse train: 
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From Equation (3.17) the complex Fourier series expansion is given by
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Where the coefficients of the exponential harmonics, Cn, are
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Therefore, the complex Fourier series expansion is
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3.1.3 The sinc function and Sampling (Sa) functions
In Fourier series expansion the term of the form 
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 occurs time and again, especially when dealing with train of pulses that are used in communications to represent successive bits of a data stream, which makes it appropriate to introduce the sinc function that is defined by
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(3.32a)
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The appearance of the term 
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 in the Fourier series expansion of a pulse train implies that the amplitudes of the frequency components, with the exception of the dc component, are all constrained (or bounded) by a general spectral envelope (as shown in Figure 3.8) which passes through zero at multiples of the data pulse width (, and that spectral envelope is given by the sinc envelope
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Figure 3.8 sinc envelope

Instead of the sinc function explained above, other authors use the related sampling function, which is given by
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(3.32b)
The relationship between the sinc and Sa function is given by
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(3.32c)
3.1.4 Relationship between the pulse, spectrum and bandwidth

Period - As the period (T0) of a pulse increases, f0 = 1/T0 decreases, and the harmonics become more closely spaced. 
Width - As the width of the pulses decreases (with period kept constant) the amplitude levels of the higher harmonics increase at the expense of the levels of the lower harmonic.
Transitions - The signal with sharp transitions will have more harmonics than the one with smooth transitions. Therefore, a pulse with sharp transitions will require a wider bandwidth to transmit than the one with smooth transitions. This is the reason why wave-shaping is used in communication to smoothen the edges of the data pulses so that the resultant spectrum and bandwidth can be reduced. This is very important, especially when the available bandwidth or spectrum is limited.
To accomplish wave-shaping, the data stream is passed through a low pass filter, which is having a raised cosine response. For example, in GSM systems the baseband signal is passed through a Gaussian filter before it is used to frequency-modulate the carrier to produce a GMSK signal.
3.1.5 Power in the signal
The normalize power associated with a periodic signal x(t) is proportional the mean-square value of x(t); that is,
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(3.33)
3.1.6 Fourier series and non-periodic signals

The Fourier series, though it has been used so far to characterize periodic signals, can also be used to characterize aperiodic (or non-periodic) signals that are having finite energy over a finite interval. However, a more convenient way to characterize aperiodic signals is by use of Fourier integral transform, known as Fourier transform. Fourier transform can be viewed as the generalization of the Fourier series expansion (Bateman, 1999), which can be used equally for both periodic and aperiodic signals. There is also an inverse Fourier transform that can be used to reverse the Fourier transformation; that is, to convert a signal from frequency domain back to the time domain.
3.2 FOURIER transform

Most of the signals which are often encountered in communication are non-periodic signals with finite energy in a finite interval, and having zero energy outside this interval. A non-periodic signal can be described as a periodic signal, in a limiting sense, by making the period of the periodic signal infinitely large such that x(t) defines one cycle of this periodic signal. For an example, if we take a periodic sequence of rectangular pulses with a period T0 and increase the value of T0. As T0 is increased towards infinity, the pulse train approaches a single pulse, x(t), the number of spectral lines approaches infinity and the spectral plot approaches a smooth spectrum X(f). For this limiting case, we can define a Fourier transform pair, which can be used to describe the time-frequency relationship for non-periodic signals, over the entire time interval as follows:


Fourier transform:
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(3.34)


Inverse Fourier transform:
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(3.35)

where f is frequency in hertz and t is time in seconds. 
From Equation (3.34) it can be said that the Fourier transform of a signal specifies the complex amplitudes of the components that constitute the frequency domain description of the signal.

The frequency function X(f) is referred to as the Fourier transform of x(t) and the time function x(t) is referred to as inverse Fourier transform of X(f). The two functions x(t) and X(f) are said to constitute a Fourier transform pair, and their relationship is depicted in Figure 3.9.
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Figure 3.9 Relationship between frequency- and time-domain transformations

the transform relations of equations (3.34) and (3.35) are usually expressed using a shorthand notation as follows
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and
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where F[.] designate the Fourier transform and F-1[.] designate the inverse Fourier transform. The relationship between the time and frequency domains is indicated by using the double arrow as follows:
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indicating that X(f) is the fourier transform of x(t) and that x(t) is the inverse transform of X(f). A plot of X(f) versus frequency f is called the spectrum of the signal x(t). The spectrum is defined for all values of f (i.e. it is continuous). X(f) is a complex function, having real and imaginary components, which can be expressed in a polar form as
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(3.38)

where
[image: image83.wmf](
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 is the amplitude spectrum of x(t) and ((f) is the phase spectrum of x(t).

The properties of the spectrum of the nonperiodic signal are similar to those of a spectrum of a periodic signal, presented in equations (3.22) through (3.24). That is, when x(t) is real valued
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(3.39)

where  X* is the complex conjugate of X. we therefore have
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(3.40)

and
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The magnitude (or amplitude) spectrum is an even function of frequency (i.e. symmetric about the vertical axis). Similarly, the phase spectrum is an odd function of frequency (i.e. asymmetric about the vertical axis).

The two statements are often summed up by saying that the spectrum of a real-valued signal exhibits conjugate symmetry.

Example 3.3 Derive the Fourier transform for a rectangular pulse shown in Figure 3.10
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Figure 3.10 Rectangular Pulse

Solution:

From the given pulse: 
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That is, 
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Which stands for a rectangular function with amplitude of A, and a duration T centered at t = 0. 

From Equation (3.34) the Fourier transform is given by
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3.3 PROPERTIES OF FOURIER TRANSFORM

This section will describe the 10 Fourier properties, which will show how various operations on the function x(t) will affect the transform X(f). 

PRORERTY 1

LINEARITY

Let 
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(3.28)

PROPERTY 2

TIME SCALING

Let 
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PROPERTY 3

DUALITY

If 
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PROPERTY 4

TIME SHIFTING

If 
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PROPERTY 5 
FREQUENCY SHIFTING

If 
[image: image102.wmf](

)

(

)

f

X

t

x

«

, then for a constant frequency shift fc,
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PROPERTY 6 
DIFFERENTIATION IN THE TIME DOMAIN

Let 
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, and assume that the first derivative of x(t) is Fourier transformable. Then
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that is, differentiation in the time function x(t) has the effect of multiplying X(f) by j2(f.

PROPERTY 7 
INTEGRATION IN THE TIME DOMAIN

Let 
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. Then, provided X(0) = 0, we have
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That is, integration in the time function x(t) has the effect of dividing X(f) by j2(f, assuming that G(0) = 0.

PROPERTY 8

CONJUGATE FUNCTIONS

If 
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, then for a complex time function g(t) we have
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where the asterisk denotes the complex conjugate operation.

PROPERTY 9

MULTIPLICATION IN THE TIME DOMAIN

Let 
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PROPERTY 10
CONVOLUTION IN THE TIME DOMAIN

Let 
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or 
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